Varieties of Nilpotent Lie Superalgebras of dimension $\leq 5$ by Alvarez, María Alejandra & Hernández, Ma Isabel
ar
X
iv
:1
90
8.
09
03
9v
1 
 [m
ath
.R
A]
  2
3 A
ug
 20
19
VARIETIES OF NILPOTENT LIE SUPERALGEBRAS OF DIMENSION
≤ 5
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ABSTRACT. In this paper we study the varieties of nilpotent Lie superalgebras
of dimension ≤ 5. We provide the algebraic classification of these superalge-
bras and obtain the irreducible components in every variety. As a byproduct we
construct rigid nilpotent Lie superalgebras of arbitrary dimension.
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1. INTRODUCTION
Nilpotent Lie superalgebras are an important class of Lie superalgebras and
there are not many results concerning them in the literature. There are some pa-
pers concerning the classification of low-dimensional nilpotent Lie superalgebras,
in [19] some nilpotent Lie superalgras are missing and in [27] the classification
of some (2|3)-dimensional nilpotent Lie superalgebras includes three parametric
families which are in fact not families (see remark 5.14). On the other hand, some
nilpotent Lie superalgebras of maximal nilindex were studied in [16], and in this
process a rough classification of nilpotent Lie superalgebras of dimension (2|3) is
given.
The study of the geometric classification of algebras, their degenerations and
their irreducible components is an active research field. Among all structures, we
mention Lie algebras (see, for instance, [1], [9], [10], [11], [12], [13], [18], [22],
[25], [26], [29], [31], [33]), Jordan algebras (see, for instance, [4], [5], [17], [23],
[24]) and superstructures (see [6], [2], [15] and [3]).
In this work, we provide both the algebraic and geometric classifications of
nilpotent Lie superalgebras of dimension ≤ 5.
2. PRELIMINARIES
A supervector space V = V0⊕V1 over the field F is a Z2-graded F-vector space,
i.e., a vector space decomposed into a direct sum of two subspaces. The elements
of V0 \ {0} (respectively, on V1 \ {0}) are called even (respectively, odd). Even
and odd elements together are called homogeneous; the degree of a homogeneous
element is i, denoted by |v| = i, if v ∈ Vi \ {0}, for i ∈ Z2. If dimF(V0) = m
and dimF(V1) = n, we say that the dimension of V is (m|n). The vector space
End(V ) can be viewed as a supervector space, denoted by End(V0|V1), where
End(V0|V1)i = {T ∈ End(V ) | T (Vj) ⊂ Vi+j , j ∈ Z2}, for i ∈ Z2. Given
a homogeneous basis {e1, . . . , em, f1, . . . , fn} for V = V0 ⊕ V1 (that is, V0 =
1
2 MARÍA ALEJANDRA ALVAREZ AND ISABEL HERNÁNDEZ
SpanF{e1, . . . , em} and V1 = SpanF{f1, . . . , fn}), it follows that End(V0|V1)i
can be identified with (Mat(m|n)(F))i, for i ∈ Z2, where
(Mat(m|n)(F))0 =
{(
A 0
0 D
)|A ∈ Matm(F), D ∈ Matn(F)} , and
(Mat(m|n)(F))1 =
{(
0 B
C 0
)|C ∈ Matn×m(F), B ∈ Matm×n(F)} .
In particular, Aut(V0|V1) is a Z2-graded group such that Aut(V0|V1)0 can be
identified with GLm(F)⊕GLn(F).
A Lie superalgebra is a supervector space g = g0⊕g1 endowed with a bilinear
map [[·, ·]] : g× g→ g satisfying the following:
(i) [[gi, gj ]] ⊂ gi+j , for i, j ∈ Z2.
(ii) Super skew-symmetry: [[x, y]] = −(−1)|x||y|[[y, x]].
(iii) Super Jacobi identity:
(−1)|x||z|[[[[x, y]], z]] + (−1)|x||y|[[[[y, z]], x]] + (−1)|y||z|[[[[z, x]], y]] = 0
for x, y, z ∈ (g0 ∪ g1) \ {0}. A linear map between Lie superalgebras Φ : g → g′
is called a Lie superalgebra morphism if Φ is even (i.e. Φ(gi) ⊂ gi, for i ∈ Z2),
and Φ([[x, y]]) = [[Φ(x),Φ(y)]]′ , for x, y ∈ g. (see [30] for standard terminology
on Lie superalgebras).
2.1. The variety LS(m|n). Let V = V0 ⊕ V1 be a complex (m|n)-dimensional
supervector space with a fixed homogeneous basis {e1, . . . , em, f1, . . . , fn}. Given
a Lie superalgebra structure [[·, ·]] on V , we can identify g = (V, [[·, ·]]) with its set
of structure constants
{
ckij , ρ
k
ij,Γ
k
ij
}
∈ Cm3+2mn2 , where
[[ei, ej ]] =
m∑
k=1
ckijek, [[ei, fj]] =
n∑
k=1
ρkijfk, and [[fi, fj]] =
m∑
k=1
Γkijek.
Since every set of structure constants must satisfy the polynomial equations given
by super skew-symmetry and the super Jacobi identity, the set of all Lie super-
algebras of dimension (m|n) is an algebraic variety in Cm3+2nm2 , denoted by
LS(m|n). Since Lie superalgebra isomorphisms are even maps, it follows that the
group G = Aut(g0|g1)0 ≃ GLm(C) ⊕ GLn(C) acts on LS(m|n) by “change of
basis”:
g · [[x, y]] = g[[g−1x, g−1y]], for g ∈ G, and x, y ∈ g.
Observe that the set of G-orbits of this action is in one-to-one correspondence with
the isomorphism classes in LS(m|n).
Given two Lie superalgebras g and h, we say that g degenerates to h, denoted
by g → h, if h lies in the Zariski closure of the G-orbit O(g). The process of
degeneration induces a partial order in the orbit space of LS(m|n), given byO(h) ≤
O(g) if and only if h ∈ O(g).
Since each orbit O(g) is a constructible set, its closures relative to the Euclidean
and the Zariski topologies are the same (see [28], 1.10 Corollary 1, p. 84). As a
consequence the following is obtained:
Lemma 2.1. Let C(t) be the field of fractions of the polynomial ring C[t]. If there
exists an operator gt ∈ GLm(C(t)) ⊕ GLn(C(t)) such that lim
t→0 gt · g = h, then
g→ h.
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From the previous lemma, it follows that every Lie superalgebra g ∈ LS(m|n)
degenerates to the Lie superalgebra a = {0, 0, 0}. In fact, take gt = t−1 (idm⊕ idn),
where idk is the identity map in GLk(C); then lim
t→0 gt · g = a. Thus, g→ a.
Definition 2.2. An element g ∈ LS(m|n) is called rigid if its orbit O(g) is open in
LS(m|n).
Rigid elements of the variety are important due to the fact that if g is rigid in
LS(m|n), then there exists an irreducible component C such that C ∩ O(g) is a
non-empty and open subset of C and thus C ⊂ O(g).
In order to prove the rigidity of Lie superalgebras, we will compute the coho-
mology group (H2(g, g))0 which parameterizes the infinitesimal deformations of
the Lie superalgebra g (for details on deformations of Lie superalgebras see for
instance [8]).
2.2. The variety N(m|n). Let g = g0 ⊕ g1 be a Lie superalgebra. Define
(2.1) g0 := g and gk := [[g, gk−1]], for k ≥ 1.
The superalgebra g is called nilpotent if there exists k ≥ 1 such that gk = 0. We
will denote byN(m|n) the set of all nilpotent Lie superalgebras of dimension (m|n).
Notice that N(m|n) ⊂ LS(m|n) is an algebraic subvariety, since the condition gk =
0 for some k ≥ 1 is determined by polynomial equations on the structure constants.
2.3. Invariants. In order to show the non-existence of degenerations, we need a
series of invariants. First we recall some definitions:
Definition 2.3. Given a Lie superalgebra g = g0 ⊕ g1, an (α, β, γ)-derivation of
degree i of g is a linear map D ∈ End(g0|g1)i such that
αD([[x, y]]) = β[[D(x), y]] + (−1)i|x|γ[[x,D(y)]].
We denote the set of all (α, β, γ)-derivations of degree i of g by (Dα,β,γ(g))i.
For details on (α, β, γ)-derivations of Lie superalgebras see [34].
We can identify g with the triple ([·, ·], ρ,Γ), where [·, ·] is determined by the
set of structure constants {ckij}, ρ is determined by the set of structure constants
{ρkij}, and Γ is determined by the set of structure constants {Γkij}. Then we make
the following definition:
Definition 2.4. Let g = ([·, ·], ρ,Γ) be a Lie superalgebra.
(1) ab(g) = (0, 0,Γ) is the Lie superalgebra with the same underlying vector
superspace than g, but with trivial structure constants ckij and ρ
k
ij ([·, ·] = 0
and ρ = 0).
(2) F(g) = ([·, ·], ρ, 0) is the Lie superalgebra with the same underlying vector
superspace as g, but with trivial structure constants Γkij (Γ = 0).
Notation. Denote by t(g) the maximal dimension of a trivial subalgebra of g, i.e.
t(g) = max{dim h | h is a subalgebra of g and [[·, ·]]h = 0}.
Now consider the set
∆αβ =
{
g ∈ LS(m|n)
∣∣∣∣ ckij = 0, ρtir = 0,Γkrs = 0 for m− α+ 1 ≤ i, j ≤ m,n− β + 1 ≤ r, s,≤ n
}
.
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It is clear that g ∈ ∆αβ if and only if {em−α+1, . . . , em, fn−β+1, . . . , fn} is a
trivial subalgebra of g. Moreover, (G · g) ∩∆αβ 6= ∅ if and only if t(g) ≥ α+ β.
Notice that ∆αβ is a closed set but is not G-stable.
Let B be a Borel subgroup of G consisting of lower triangular matrices. Then
the following result is obtained.
Lemma 2.5. ∆αβ is B-stable for every 1 ≤ α ≤ m and 1 ≤ β ≤ n.
Proof. Let g ∈ ∆αβ , b ∈ B. Ifm−α+1 ≤ i, j ≤ m and n−β+1 ≤ r, s,≤ n, then
b−1(ei), b−1(ej), b−1(fr), b−1(fs) ∈ Span{em−α+1, . . . , em | fn−β+1, . . . , fn}
and thus
[[ei, ej ]]b·g =b([[b−1(ei), b−1(ej)]]g) = 0,
[[ei, fr]]b·g =b([[b−1(ei), b−1(fr)]]g) = 0,
[[fr, fs]]b·g =b([[b−1(fr), b−1(fs)]]g) = 0.
Therefore (b · g) ∈ ∆αβ . 
Next, we state an important result whose proof can be consulted in [18], Propo-
sition 1.17.
Proposition 2.6. LetG be a reductive algebraic group over C with Borel subgroup
B and let X be an algebraic set on which G acts rationally. For x ∈ X,
G · x = G · B · x.
Next we summarize the list of relations that will be used.
Lemma 2.7. Let g and h be Lie superalgebras of dimension (m|n). If g→ h then
the following relations must hold:
(1) dimO(g) > dimO(h).
(2) If Γ(g) ≡ 0 then Γ(h) ≡ 0.
(3) dim z(g)i ≤ dim z(h)i for i ∈ Z2, where z(g) is the center of g.
(4) dim[[g, g]]i ≥ dim[[h, h]]i for i ∈ Z2.
(5) ab(g)→ ab(h).
(6) F(g)→ F(h).
(7) dim (Dα,β,γ(g))i ≤ dim (Dα,β,γ(h))i for i ∈ Z2.
(8) t(g) ≤ t(h).
Proof. The proof for invariants (1)-(7) can be found in [2], Lemmas 2.3, 2.4 and
2.5. We will prove (8).
Let g, h ∈ LS(m|n) such that g → h. Let k be a trivial subalgebra of g of
dimension α + β = t(g). Choose g ∈ G such that (g · g) ∈ ∆αβ . By Lemma 2.5,
B · (g · g) ∈ ∆αβ . Since∆αβ is a closed set, it follows that B · (g · g) ⊂ ∆αβ . By
Proposition 2.6, h ∈ G · (g · g) = G·B · (g · g) ⊂ G·∆αβ . Therefore, t(g) ≤ t(h).

3. ON THE CLASSIFICATION PROBLEM OF LIE SUPERALGEBRAS
A Lie superalgebra g = g0⊕g1 can be identified with a triple ([·, ·], ρ, Γ), where
(i) [·, ·] = [[·, ·]]|g0×g0 is a Lie bracket on g0.
(ii) ρ : g0 → gl(g1) is a representation defined by ρ(x) := [[x, ·]],
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(iii) Γ := [[·, ·]]|g1×g1 : g1 × g1 → g0 is a symmetric bilinear map satisfying the
following identities:
(J1) [x,Γ(u, v)] = Γ(ρ(x)u, v) + Γ(u, ρ(x)v), for x ∈ g0 and u, v ∈ g1.
(J2) ρ(Γ(u, v))(w) + ρ(Γ(v,w))(u) + ρ(Γ(u,w))(v) = 0, for u, v,w ∈ g1.
Using this notation, the action of the group GLm(C)⊕GLn(C) on LS(m|n) can
by written as:
(3.1) (T, S) · ([·, ·], ρ, Γ) = ([·, ·]′, ρ′, Γ′),
where
[·, ·]′ = T ([T−1(·), T−1(·)]),
ρ′(·) = S ◦ ρ(T−1(·)) ◦ S−1,
Γ′(·, ·) = T (Γ(S−1(·), S−1(·))).
Hence, classifying Lie superalgebras is equivalent to finding the orbits of the
action described in (3.1).
On the other hand, notice that a Lie superalgebra g = g0⊕ g1 is nilpotent if and
only if g0 is a nilpotent Lie algebra and g0 acts on g1 by nilpotent endomorphisms.
The technique used in this work for classifying all possible structures of nilpotent
Lie superalgebras of dimension (m|n) withm+ n ≤ 5 consists of three steps:
(1) Describe the nilpotent g0-modules of dimension n, for every nilpotent Lie
algebra g0.
(2) Describe all possible symmetric bilinear maps Γ : g1× g1 → g0 satisfying
(J1) and (J2), where g1 is a nilpotent Lie g0-module of dimension n.
(3) Find representatives for the isomorphism classes of such Lie superalgebras.
3.1. Lie superalgebras for which g0 is an abelian Lie algebra and the action
of g0 on g1 is trivial. This is an important type of nilpotent Lie superalgebra.
Under the hypotheses above, a Lie superalgebra g is completely determined by
the symmetric bilinear map Γ : g1 × g1 → g0. Given bases {e1, . . . , em} and
{f1, · · · , fn} for g0 and g1 respectively, we write Γ(fi, fj) =
m∑
k=1
Γkijek. Then we
can identify
Γ←→ (Γ1, . . . ,Γm),
where Γk = (Γkij) is a symmetric matrix, for k ∈ {1, . . . ,m}. Hence, under this
identification, two Lie superalgebras (Γ1, . . . ,Γm) and (Γ′1, . . . ,Γ′m) belong to
the same orbit under the action given in (3.1) if and only if there exist T ∈ GLm(C)
and S ∈ GLn(C) such that
Γ′k =
m∑
i=1
TkiS
tΓiS, k = 1, . . . ,m.
Notice that the problem of finding the orbits is considered a so-called “wild pro-
blem”. In order to find representatives for the orbits it is useful to study the cases
according to the number of simultaneously diagonalizable matrices in {Γ1, . . . ,Γm}.
This number is invariant in each orbit. To illustrate this technique, in Section 7.3
we classify the Lie superalgebras of dimension (2|3) having [·, ·] = 0 and ρ = 0.
Our results show that some (2|3)-nilpotent Lie superalgebras are missing in [19]
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and in [27]. Moreover, we show that there are no infinite families of mutually
non-isomorphic superalgebras, contrary to what is claimed in [27].
4. NILPOTENT LIE SUPERALGEBRAS OF DIMENSION ≤ 4
In this section we summarize the algebraic and geometric classifications of Lie
superalgebras of dimension m+ n ≤ 4. We provide, in every dimension, the rigid
elements by computing the group (H2(g, g))0. Also, non-degeneration criteria are
obtained by applying Lemma 2.7. After discarding possible degenerations, we give
a list with all primary degenerations (those that cannot be obtained by transitivity).
We exemplify these techniques in dimension 3. Finally, the irreducible components
of every variety are obtained by looking at the Hasse diagram of degenerations of
all superalgebras.
4.1. Dimension 2.
Theorem 4.1. Nilpotent Lie superalgebras of dimension 2 are, up to isomorphism:
(2|0)0: [[·, ·]] = 0.
(1|1)0: [[·, ·]] = 0.
(1|1)1: [[f1, f1]] = e1.
(0|2)0: [[·, ·]] = 0.
Proposition 4.2. The Lie superalgebra (1|1)1 is rigid in the variety LS(1|1).
Proof. (H2((1|1)1, (1|1)1))0 = 0. 
Theorem 4.3.
(1) The irreducible component of the variety N(2|0) is C1 = O((2|0)0).
(2) The irreducible component of the variety N(1|1) is C1 = O((1|1)1).
(3) The irreducible component of the variety N(0|2) is C1 = O((0|2)0).
dimO(g)
1
0
(1|1)1
(2|0)0 (1|1)0 (0|2)0
4.2. Dimension 3.
Theorem 4.4. Nilpotent Lie superalgebras of dimension 3 are, up to isomorphism:
Table 1: Non-degenerations in dimension 3
g 6→ h Reason
(1|2)2 6→ (1|2)3 Lemma 2.7 (4) i = 1
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(3|0)0: [[·, ·]] = 0.
(3|0)1: [[e1, e2]] = e3.
(2|1)0: [[·, ·]] = 0.
(2|1)1: [[f1, f1]] = e1.
(1|2)0: [[·, ·]] = 0.
(1|2)1: [[f1, f1]] = e1.
(1|2)2: [[f1, f2]] = e1.
(1|2)3: [[e1, f2]] = f1.
(0|3)0: [[·, ·]] = 0.
In this case (1|2)2 6→ (1|2)3 since dim[[(1|2)2 , (1|2)2]]1 = 0 < 1 = dim[[(1|2)3 , (1|2)3]]1,
contradicting Lemma 2.7 (4).
Table 2: Degenerations in dimension 3
g→ h Parametrized Basis
(1|2)2 → (1|2)1 x1 = e1, y1 = f1 + 12f2, y2 = tf2.
Consider the base change of (1|2)2 given by
x1 = e1, y1 = f1 +
1
2
f2 and y2 = tf2.
In terms of this basis, the non-zero barckets are:
[[y1, y1]] = x1 and [[y1, y2]] = tx1.
By letting t→ 0, we obtain the Lie product of (1|2)1. Therefore, (1|2)2 → (1|2)1.
Proposition 4.5.
• The Lie superalgebra (2|1)1 is rigid in the variety N(2|1).
• The Lie superalgebra (1|2)3 is rigid in the variety N(1|2).
• The Lie superalgebra (1|2)2 is rigid in the variety LS(1|2).
Proof.
(H2((2|1)1, (2|1)1))0 =Span{−2e∗1 ∧ e∗2 ⊗ e1 + e∗2 ∧ f∗1 ⊗ f1},
(H2((1|2)3, (1|2)3))0 =Span{e∗1 ∧ f∗1 ⊗ f1, e∗1 ∧ f∗1 ⊗ f2},
(H2((1|2)2, (1|2)2))0 =0.
Notice that for (2|1)1, every possible deformation provides a non-nilpotent Lie
superalgebra. For (1|2)3 the only cocycle that could give a nilpotent deformation
is e∗1 ∧ f∗1 ⊗ f2, but in this case we obtain that the product of the deformed Lie
superalgebra gt is given by
[[e1, f2]]t = f1, [[e1, f1]]t = tf2.
If t 6= 0, then (gt)k = (gt)1 = Span{f1, f2} for every k > 1, and therefore gt is
not nilpotent. 
Theorem 4.6.
(1) The irreducible component of the variety N(3|0) is C1 = O((3|0)1).
(2) The irreducible component of the variety N(2|1) is C1 = O((2|1)1).
(3) The irreducible components of the variety N(1|2) are:
(a) C1 = O((1|2)2).
(b) C2 = O((1|2)3).
(4) The irreducible component of the variety N(0|3) is C1 = O((0|3)0).
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dimO(g)
3
2
1
0
(3|0)1
(2|1)1
(1|2)2
(1|2)1 (1|2)3
(3|0)0 (2|1)0 (1|2)0 (0|3)0
4.3. Dimension 4.
Theorem 4.7. Nilpotent Lie superalgebras of dimension 4 are, up to isomorphism:
(4|0)0: [[·, ·]] = 0.
(4|0)1: [[e1, e2]] = e3.
(4|0)2: [[e1, e2]] = e3, [[e1, e3]] = e4.
(3|1)0: [[·, ·]] = 0.
(3|1)1: [[f1, f1]] = e1.
(3|1)2: [[e1, e2]] = e3.
(3|1)3: [[e1, e2]] = e3, [[f1, f1]] = e3.
(2|2)0: [[·, ·]] = 0.
(2|2)1: [[f1, f1]] = e1, [[f2, f2]] = e2.
(2|2)2: [[f1, f1]] = e1, [[f2, f2]] = e1.
(2|2)3: [[f1, f1]] = e1.
(2|2)4: [[f1, f2]] = e1, [[f2, f2]] = e2.
(2|2)5: [[e2, f2]] = f1.
(2|2)6: [[e2, f2]] = f1, [[f2, f2]] = e1.
(1|3)0: [[·, ·]] = 0.
(1|3)1: [[e1, f2]] = f1, [[e1, f3]] = f2.
(1|3)2: [[e1, f2]] = f1.
(1|3)3: [[f1, f1]] = e1.
(1|3)4: [[f1, f2]] = e1.
(1|3)5: [[f1, f1]] = e1, [[f2, f3]] = e1.
(0|4)0: [[·, ·]] = 0.
Table 3: Non-degenerations in dimension 4
g 6→ h Reason
(2|2)1 6→ (2|2)5, (2|2)6; (2|2)4 6→ (2|2)5, (2|2)6 Lemma 2.7 (6)
(1|3)1 6→ (1|3)3, (1|3)4, (1|3)5; (1|3)2 6→ (1|3)3, (1|3)4, (1|3)5 Lemma 2.7 (2)
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Table 4: Degenerations dimension 4
g → h Parametrized Basis
(3|1)3 → (3|1)2 x1 = e1, x2 = e2, x3 = e3, y1 = tf1.
(3|1)3 → (3|1)1 x1 = te1, x2 = e2, x3 = e3, y1 = f1.
(2|2)1 → (2|2)4 x1 = t1/2(−e1 + e2), x2 = e1 + e2, y1 = t1/2(−f1 + f2), y2 = f1 + f2.
(2|2)4 → (2|2)2 x1 = e1, x2 = e2, y1 = − it
−1
2
f1 + itf2, y2 = t
−1
2
f1 + tf2.
(2|2)2 → (2|2)3 x1 = e1, x2 = e2, y1 = f1, y2 = tf2.
(2|2)6 → (2|2)3 x1 = e1, x2 = te2, y1 = f2, y2 = f1.
(2|2)6 → (2|2)5 x1 = t−1e1, x2 = e2, y1 = f1, y2 = f2.
(1|3)1 → (1|3)2 x1 = e1, y1 = f1, y2 = f2, y3 = tf3.
(1|3)5 → (1|3)3 x1 = e1, y1 = f1, y2 = tf2, y3 = f3.
(1|3)5 → (1|3)4 x1 = e1, y1 = f3, y2 = f2, y3 = tf1.
Proposition 4.8.
• The Lie superalgebra (3|1)3 is rigid in the variety N(3|1).
• The Lie superalgebra (2|2)6 is rigid in the variety N(2|2).
• The Lie superalgebra (1|3)1 is rigid in the variety N(1|3).
• The Lie superalgebra (2|2)1 is rigid in the variety LS(2|2).
• The Lie superalgebra (1|3)5 is rigid in the variety LS(1|3).
Proof.
(H2((3|1)3, (3|1)3))0 =Span{e∗1 ∧ e∗2 ⊗ e1, e∗1 ∧ e∗2 ⊗ e2, f∗1 ∧ f∗1 ⊗ e1 −
1
2
e∗2 ∧ f∗1 ⊗ f1,
f∗1 ∧ f∗1 ⊗ e2 +
1
2
e∗1 ∧ f∗1 ⊗ f1},
(H2((2|2)1, (2|2)1))0 =0,
(H2((2|2)6, (2|2)6))0 =Span{e∗2 ∧ f∗1 ⊗ f2 − f∗1 ∧ f∗1 ⊗ e1, e∗2 ∧ f∗2 ⊗ f2 − 2e∗1 ∧ e∗2 ⊗ e1,
e∗2 ∧ f∗1 ⊗ f1, f∗1 ∧ f∗2 ⊗ e2 − 2e∗1 ∧ e∗2 ⊗ e2 − 2e∗1 ∧ f∗1 ⊗ f1}
(H2((1|3)1, (1|3)1))0 =Span{e∗1 ∧ f∗1 ⊗ f1, e∗1 ∧ f∗1 ⊗ f2, e∗1 ∧ f∗1 ⊗ f3, e∗1 ∧ f∗3 ⊗ f3}
(H2((1|3)5, (1|3)5))0 =0.
Notice that for (3|1)3 and (1|3)1, every possible deformation provides non-nilpotent
Lie superalgebras. For (2|2)6, the only cocycle that could give a nilpotent Lie su-
peralgebra is e∗2 ∧ f∗1 ⊗ f2 − f∗1 ∧ f∗1 ⊗ e1, but in this case we obtain that the
deformed Lie superalgebra gt has product given by
[[e2, f2]]t = f1, [[f2, f2]]t = e1, [[e2, f1]]t = tf2, [[f1, f1]]t = −te1.
Then one can check that if t 6= 0, then (gt)k = (gt)1 = Span{e1, f1, f2} for every
k > 1, and thus gt is not nilpotent. 
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Theorem 4.9.
(1) The irreducible component of the variety N(4|0) is C1 = O((4|0)2).
(2) The irreducible component of the variety N(3|1) is C1 = O((3|1)3).
(3) The irreducible components of the variety N(2|2) are:
(a) C1 = O((2|2)1).
(b) C2 = O((2|2)6).
(4) The irreducible components of the variety N(1|3) are:
(a) C1 = O((1|3)1).
(b) C2 = O((1|3)5).
(5) The irreducible component of the variety N(0|4) is C1 = O((0|4)2).
dimO(g)
8
7
6
5
4
3
2
1
0
(4|0)2
(4|0)1
(4|0)0
(3|1)3
(3|1)2 (3|1)1
(3|1)0
(2|2)1
(2|2)4
(2|2)2 (2|2)6
(2|2)3 (2|2)5
(2|2)0
(1|3)1
(1|3)2
(1|3)5
(1|3)3 (1|3)4
(1|3)0 (0|4)0
5. NILPOTENT LIE SUPERALGEBRAS OF DIMENSION 5
We will study nilpotent Lie superalgebras of dimension 5 by separating them in
three cases, namely:
• Case I: nilpotent Lie superalgebras of dimension (5|0), (4|1), (1|4) and
(0|5).
• Case II: nilpotent Lie superalgebras of dimension (3|2).
• Case III: nilpotent Lie superalgebras of dimension (2|3).
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5.1. Case I.
Theorem 5.1. Nilpotent Lie superalgebras of dimension (m|n) with m + n = 5
and |m− n| > 1 are, up to isomorphism:
(5|0)0 : [[·, ·]] = 0.
(5|0)1 : [[e1, e2]] = e3.
(5|0)2 : [[e1, e2]] = e3, [[e1, e3]] = e4.
(5|0)3 : [[e1, e2]] = e3, [[e1, e3]] = e4, [[e1, e4]] = e5, [[e2, e3]] = e5.
(5|0)4 : [[e1, e2]] = e3, [[e1, e3]] = e4, [[e1, e4]] = e5.
(5|0)5 : [[e1, e2]] = e3, [[e1, e4]] = e5, [[e2, e3]] = e5.
(5|0)6 : [[e1, e2]] = e3, [[e1, e3]] = e4, [[e2, e3]] = e5.
(5|0)7 : [[e1, e2]] = e5, [[e3, e4]] = e5.
(5|0)8 : [[e1, e2]] = e4, [[e1, e3]] = e5.
(4|1)0 : [[·, ·]] = 0.
(4|1)1 : [[f1, f1]] = e1.
(4|1)2 : [[e1, e2]] = e3,
(4|1)3 : [[e1, e2]] = e3, [[f1, f1]] = e3.
(4|1)4 : [[e1, e2]] = e3, [[f1, f1]] = e4.
(4|1)5 : [[e1, e2]] = e3, [[e1, e3]] = e4.
(4|1)6 : [[e1, e2]] = e3, [[e1, e3]] = e4, [[f1, f1]] = e4.
(1|4)0 : [[·, ·]] = 0.
(1|4)1 : [[f1, f1]] = e1.
(1|4)2 : [[f1, f1]] = e1, [[f2, f2]] = e1.
(1|4)3 : [[f1, f1]] = e1, [[f2, f2]] = e1, [[f3, f3]] = e1.
(1|4)4 : [[f1, f1]] = e1, [[f2, f2]] = e1, [[f3, f3]] = e1, [[f4, f4]] = e1.
(1|4)5 : [[e1, f2]] = f1.
(1|4)6 : [[e1, f2]] = f1, [[e1, f3]] = f2.
(1|4)7 : [[e1, f2]] = f1, [[e1, f3]] = f2, [[e1, f4]] = f3.
(1|4)8 : [[e1, f2]] = f1, [[e1, f4]] = f3.
(0|5)0 : [[·, ·]] = 0.
Table 5: Non-degenerations Case I
g 6→ h Reason
(4|1)2 6→ (4|1)1; (4|1)5 6→ (4|1)4, (4|1)3, (4|1)1 Lemma 2.7 (2)
(1|4)5 6→ (1|4)1; (1|4)8 6→ (1|4)2, (1|4)1 Lemma 2.7 (2)
(1|4)2 6→ (1|4)5; (1|4)3 6→ (1|4)8, (1|4)5; (1|4)4 6→ (1|4)8, (1|4)5 Lemma 2.7 (4) i = 1
(1|4)6 6→ (1|4)3, (1|4)2, (1|4)1; (1|4)7 6→ (1|4)4, (1|4)3, (1|4)2, (1|4)1 Lemma 2.7 (4) i = 0
Table 6: Degenerations Case I
g→ h Parametrized Basis
(4|1)3 → (4|1)2 x1 = e1, x2 = e2, x3 = e3, x4 = e4, y1 = tf1.
(4|1)3 → (4|1)1 x1 = e3, x2 = te2, x3 = e1, x4 = e4, y1 = f1.
(4|1)4 → (4|1)3 x1 = e1, x2 = e2, x3 = e3, x4 = t−1(e4 − e3), y1 = f1.
(4|1)5 → (4|1)2 x1 = e1, x2 = e2, x3 = e3, x4 = t−1e4, y1 = f1.
(4|1)6 → (4|1)5 x1 = e1, x2 = e2, x3 = e3, x4 = e4, y1 = tf1.
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Table 6: (continued)
g→ h Parametrized Basis
(4|1)6 → (4|1)4 x1 = te1, x2 = t−1e2, x3 = e3, x4 = e4, y1 = f1.
(1|4)2 → (1|4)1 x1 = e1, y1 = f1, y2 = tf2, y3 = f3, y4 = f4.
(1|4)8 → (1|4)5 x1 = e1, y1 = f1, y2 = f2, y3 = f3, y4 = tf4.
(1|4)3 → (1|4)2 x1 = e1, y1 = f1, y2 = f2, y3 = tf3, y4 = f4.
(1|4)4 → (1|4)3 x1 = e1, y1 = f1, y2 = f2, y3 = f3, y4 = tf4.
(1|4)6 → (1|4)8 x1 = e1, y1 = t−1f1, y2 = t−1(f2 − f4), y3 = f4, y4 = f3.
(1|4)7 → (1|4)6 x1 = e1, y1 = f1, y2 = f2, y3 = f3, y4 = tf4.
Proposition 5.2.
• The Lie superalgebra (4|1)6 is rigid in the variety N(4|1).
• The Lie superalgebra (1|4)7 is rigid in the variety N(1|4).
• The Lie superalgebra (1|4)4 is rigid in the variety LS(1|4).
Proof.
(H2((4|1)6, (4|1)6))0 =Span{e∗1 ∧ e∗2 ⊗ e2, e∗1 ∧ e∗3 ⊗ e2, e∗2 ∧ e∗3 ⊗ e1}.
(H2((1|4)7, (1|4)7))0 =Span{e∗1 ∧ f∗1 ⊗ f1, e∗1 ∧ f∗1 ⊗ f2, e∗1 ∧ f∗1 ⊗ f3, e∗1f∗1 ⊗ f4}.
(H2((1|4)4, (1|4)4))0 =0.
Notice that the deformed Lie superalgebra gt of (4|1)6 has product
[[e1, e2]]t = e3+αe2, [[e1, e3]]t = e4+βe2, [[e2, e3]]t = γe1, [[f1, f1]]t = e4,
for some α, β, γ ∈ C. If α 6= 0, β 6= 0, or γ 6= 0, it is easy to see that gt is not
nilpotent.
The same result follows analogously for (1|4)7.

Theorem 5.3.
(1) The irreducible component of the variety N(5|0) is C1 = O((5|0)3).
(2) The irreducible component of the variety N(4|1) is C1 = O((4|1)6).
(3) The irreducible components of the variety N(1|4) are:
(a) C1 = O((1|4)7).
(b) C2 = O((1|4)4).
(4) The irreducible component of the variety N(0|5) is C1 = O((0|5)0)
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dimO(g)
17
16
15
14
13
12
11
10
9
8
7
6
5
4
3
2
1
0
(5|0)3
(5|0)4
(5|0)5 (5|0)6
(5|0)2
(5|0)8
(5|0)7
(5|0)1
(5|0)0
(4|1)6
(4|1)5
(4|1)4
(4|1)3
(4|1)2
(4|1)1
(4|1)0
(1|4)7
(1|4)4 (1|4)6
(1|4)3
(1|4)8
(1|4)2
(1|4)5
(1|4)1
(1|4)0 (0|5)0
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5.2. Case II.
Theorem 5.4. Nilpotent Lie superalgebras of dimension (3|2) are, up to isomor-
phism:
(3|2)0 : [[·, ·]] = 0.
(3|2)1 : [[f1, f1]] = e1, [[f2, f2]] = e2.
(3|2)2 : [[f1, f1]] = e1, [[f2, f2]] = e1.
(3|2)3 : [[f1, f1]] = e1.
(3|2)4 : [[f1, f2]] = e1, [[f2, f2]] = e2.
(3|2)5 : [[f1, f1]] = e2, [[f1, f2]] = e1, [[f2, f2]] = e3.
(3|2)6 : [[e1, f2]] = f1.
(3|2)7 : [[e1, f2]] = f1, [[f2, f2]] = e2.
(3|2)8 : [[e1, e2]] = e3.
(3|2)9 : [[e1, e2]] = e3, [[f1, f1]] = e3.
(3|2)10 : [[e1, e2]] = e3, [[f1, f1]] = e3, [[f2, f2]] = e3.
(3|2)11 : [[e1, e2]] = e3, [[e1, f2]] = f1.
(3|2)12 : [[e1, e2]] = e3, [[e1, f2]] = f1, [[f2, f2]] = e3.
(3|2)13 : [[e1, e2]] = e3, [[e1, f2]] = f1, [[f1, f2]] = e3, [[f2, f2]] = 2e2.
Table 7: Non-degenerations
g 6→ h Reason
(3|2)9 6→ (3|2)6; (3|2)2 6→ (3|2)6; (3|2)10 6→ (3|2)6; Lemma 2.7 (4) i = 1
(3|2)4 6→ (3|2)7, (3|2)6; (3|2)1 6→ (3|2)7, (3|2)6; (3|2)5 6→ (3|2)7, (3|2)6
(3|2)7 6→ (3|2)2; (3|2)12 6→ (3|2)10, (3|2)2 Lemma 2.7 (3) i = 1
(3|2)11 6→ (3|2)2, (3|2)9, (3|2)3 Lemma 2.7 (2)
Table 8: Degenerations Case II
g → h Parametrized Basis
(3|2)9 → (3|2)8 x1 = e1, x2 = e2, x3 = e3, y1 = tf1, y2 = f2.
(3|2)9 → (3|2)3 x1 = e1, x2 = te2, x3 = e3, y1 = f1, y2 = f2.
(3|2)2 → (3|2)3 x1 = e1, x2 = e2, x3 = e3, y1 = f1, y2 = tf2.
(3|2)7 → (3|2)3 x1 = e2, x2 = te1, x3 = e3, y1 = f2, y2 = f1.
(3|2)7 → (3|2)6 x1 = e1, x2 = e2, x3 = e3, y1 = tf1, y2 = tf2.
(3|2)10 → (3|2)2 x1 = e3, x2 = te1, x3 = e2, y1 = f1, y2 = f2.
(3|2)10 → (3|2)9 x1 = e1, x2 = e2, x3 = e3, y1 = f1, y2 = tf2.
(3|2)11 → (3|2)6 x1 = e1, x2 = te2, x3 = e3, y1 = f1, y2 = f2.
(3|2)11 → (3|2)8 x1 = e1, x2 = e2, x3 = e3, y1 = f1, y2 = tf2.
(3|2)4 → (3|2)2 x1 = e1, x2 = t−1e2, x3 = e3, y1 = − i2 f1 + if2, y2 = 12f1 + f2.
(3|2)12 → (3|2)7 x1 = e1, x2 = e3, x3 = te2, y1 = f1, y2 = f2.
(3|2)12 → (3|2)11 x1 = e1, x2 = e2, x3 = e3, y1 = tf1, y2 = tf2.
(3|2)12 → (3|2)9 x1 = e1, x2 = e2, x3 = e3, y1 = f2, y2 = t−1f1.
(3|2)1 → (3|2)4 x1 = t4 (e1 + e2), x2 = 14 (e2 − e1), x3 = e3, y1 = t2 (if1 + f2), y2 = 12 (f2 − if1).
(3|2)13 → (3|2)4 x1 = e3, x2 = 2e2, x3 = te1, y1 = f1, y2 = f2.
(3|2)13 → (3|2)12 x1 = e1, x2 = e2 − t
−1
2
e3, x3 = e3, y1 = tf1, y2 = tf2.
(3|2)13 → (3|2)10 x1 = te1, x2 = t−1e2, x3 = e3, y1 = −i(f1 − f2), y2 = f1 + f2.
(3|2)5 → (3|2)1 x1 = e2, x2 = e3, x3 = t−1e1, y1 = f1, y2 = f2.
Proposition 5.5. The Lie superalgebras (3|2)5 and (3|2)13 are rigid in the variety
LS(3|2).
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Proof.
(H2((3|2)5, (3|2)5))0 =0,
(H2((3|2)13, (3|2)13))0 =0.

Theorem 5.6. The irreducible components of the variety N(3|2) are:
(1) C1 = O((3|2)5).
(2) C2 = O((3|2)13).
dimO(g)
9
8
7
6
5
4
3
2
1
0
(3|2)5
(3|2)1 (3|2)13
(3|2)4 (3|2)12
(3|2)7 (3|2)10 (3|2)11
(3|2)2 (3|2)9
(3|2)3 (3|2)6
(3|2)8
(3|2)0
5.3. Case III.
In this section we provide the techniques, mentioned in Section 2, that we use
to obtain the algebraic classification for the particular (and most difficult) case of
Lie superalgebras ([·, ·], ρ,Γ) of dimension (2|3) such that [·, ·] = 0 and ρ = 0.
As we mentioned previously, classifying Lie superalgebras under the above hy-
pothesis is equivalent to finding the orbits of the action of GL2(C) ⊕ GL3(C) on
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Sym3(C)× Sym3(C) given by:
(5.1) (T, S) · (Γ1,Γ2) = (T11StΓ1S + T12StΓ2S, T21StΓ1S + T22StΓ2S).
Hence, in order to find the orbit of (Γ1,Γ2), which we denote by [Γ1,Γ2], it is
useful to ask if there exists S ∈ GL3(C) for which StΓ1S and StΓ2S are diagonal
matrices, in which case we obtain the following result.
Proposition 5.7. Let (Γ1,Γ2) be such that {Γ1,Γ2} is simultaneously diagonali-
zable. Then, (Γ1,Γ2) belongs to one and only one of the following orbits:
(2|3)0: [0, 0], (2|3)4: [I1, I2],
(2|3)1: [I1, 0], (2|3)5: [I1+I3, I2],
(2|3)2: [I1+I2, 0], (2|3)6: [I1+I3, I2+I3],
(2|3)3: [id3, 0],
where
I1 =
(
1 0 0
0 0 0
0 0 0
)
, I2 =
(
0 0 0
0 1 0
0 0 0
)
, and I3 =
(
0 0 0
0 0 0
0 0 1
)
.
(see [20]).
In order to find the orbit of a pair (Γ1,Γ2) such that {Γ1,Γ2} is non-simultaneously
diagonalizable, we observe the following.
Lemma 5.8.
(i) If rank(Γi) ≤ 1 for i ∈ {1, 2}, then {Γ1,Γ2} is simultaneously diagonali-
zable.
(ii) If {Γ1,Γ2} is simultaneously diagonalizable, then for all (Γ′1,Γ′2) ∈ [Γ1,Γ2]
it follows that {Γ′1,Γ′2} is simultaneously diagonalizable.
Proof. In fact, suppose that rank(Γi) = 1 for i ∈ {1, 2}. Note that there is S ∈
GL3(C) such that StΓ1S = I1. Thus, we can assume that Γ1 = I1. Now write
Γ2 =
(
α wt
w A
)
, where a ∈ C, w ∈ C2, and A ∈ Sym2(C). Since all minors of Γ2
are zero, there is R ∈ GL2(C) such that RtAR = ( ǫ 00 0 ), where ǫ ∈ {0, 1}. Hence,
taking S =
(
1 0
Rtw R
)
, it follows that StΓ1S = I1 and StΓ2S = I2, i.e. {Γ1,Γ2} is
simultaneously diagonalizable.
For (ii), toward a contradiction, suppose that {Γ1,Γ2} is non-simultaneously
diagonalizable but {Γ′1,Γ′2} is simultaneously diagonalizable, for some (Γ′1,Γ′2) ∈
[Γ1,Γ2]. Let (T, S) ∈ GL2(C) × GL3(C) be such that (Γ′1,Γ′2) = (T, S) ·
(Γ1,Γ2). Thus, there are i, j ∈ {1, 2, 3} with i < j such that(
(StΓ1S)ij
(StΓ2S)ij
)
6=
(
0
0
)
, and T
(
(StΓ1S)ij
(StΓ2S)ij
)
=
(
0
0
)
.

Recall that complex symmetric matrices may be non-diagonalizable by orthogo-
nal ones; for such matrices it is convenient to use the Symmetric Normal Form
given in [14]. This allows us to write a non-diagonalizable matrix in a convenient
form, as the following result shows for n ∈ {2, 3} (see [14], pag. 348).
Lemma 5.9 ( [14]). Let n ∈ {2, 3}. If A ∈ Symn(C) is non-diagonalizable, then
there exists S ∈ On(C) such that the following holds:
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(i) For n = 2; StAS =
(
λ+1 i
i λ−1
)
, where λ is the eigenvalue of A.
(ii) For n = 3; StAS =
(
λ+1 i c
i λ−1 ic
c ic µ
)
, where λ and µ are the eigenvalues of A,
and if λ 6= µ, then c = 0.
Proposition 5.10. Let (Γ1,Γ2) be such that {Γ1,Γ2} is non-simultaneously diago-
nalizable. Then, (Γ1,Γ2) belongs in one and only one of the following orbits:
(2|3)7:
[(
K 0
0 0
)
,
(
L 0
0 0
)]
, (2|3)9:
[(
K 0
0 1
)
,
(
L 0
0 0
)]
,
(2|3)8:
[(
K 0
0 0
)
,
(
L u0
ut0 0
)]
, (2|3)10:
[(
K 0
0 1
)
,
(
L 0
0 1
)]
,
(2|3)11:
[(
K 0
0 1
)( L u0
ut0 0
)]
,
where:
K = ( 0 11 0 ), L = (
0 0
0 2 ), u0 = (
0
1 ).
To prove the previous result, we observe that from Lemma 5.8, it follows that
rank(Γi) ≥ 2, for some i ∈ {1, 2}. Furthermore:
(i) If Span{Γ1,Γ2} ∩ GL3(C) 6= ∅, then (Γ1,Γ2) ∈ [id3,Γ3], for some Γ3 ∈
Sym3(C) non-diagonalizable.
(ii) If Span{Γ1,Γ2} ∩ GL3(C) = ∅, then (Γ1,Γ2) ∈ [I1+I2,Γ3], for some
Γ3 ∈ Sym3(C) such that Span{I1+I2,Γ3}∩GL3(C) = ∅ and {I1+I2,Γ3}
is non-simultaneously diagonalizable.
In the following lemmas concerning the previous cases, we use the notation:
∆(λ) =
(
λ+1 i
i λ−1
)
, Tλ =
( −1 0
−λ 1
)
, with λ ∈ C, u1 = ( 1i ), R = (
√
2 )−1
(
1 −1
i i
)
and S0 =
(
R 0
0 i
)
.
Lemma 5.11. Let Γ3 ∈ Sym3(C). If Γ3 is non-diagonalizable, then (id3,Γ3)
belongs to one and only one of the following orbits:[(
K 0
0 1
)
,
(
L 0
0 0
)]
,
[(
K 0
0 1
)
,
(
L 0
0 1
)]
,
[(
K 0
0 1
)
,
(
L u0
ut0 0
)]
.
Proof. From Lemma 5.9 there exists S ∈ O3(C) such that StΓ3S =
(
∆(λ) cu1
cut1 µ
)
.
for some λ, µ, c ∈ C. Then,
(Tλ, SS0) · (id3, Γ3) =
((
K 0
0 1
)
,
(
L −i√2cu1
−i√2cut1 λ−µ
))
.
Finally, taking
T ′ =
(
γ2 0
0 1
)
and S′ =
( 1
γ2
0 0
0 1 0
0 0 1
γ
)
, where γ =
{√
λ− µ if λ− µ 6= 0,
−i√2c if c 6= 0,
it follows that
(T ′, S′) ·
((
K 0
0 1
)
,
(
L −i√2cu1
−i√2cut1 λ−µ
))
=


((
K 0
0 1
)
,
(
L 0
0 1
))
,((
K 0
0 1
)
,
(
L u0
u0 1
))
.
respectively. 
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Lemma 5.12. Let Γ3 ∈ Sym3(C). If Span{I1+I2,Γ3} ∩ GL3(C) = ∅ and
{I1+I2,Γ3} is non-simultaneously diagonalizable, then (I1+I2,Γ3) belongs to
one and only one of the following orbits:[(
K 0
0 0
)
,
(
L 0
0 0
)]
,
[(
K 0
0 0
)
,
(
L u0
ut0 0
)]
.
Proof. Write Γ3 =
(
B w
wt b
)
, where B ∈ Sym2(C), w ∈ C2, and b ∈ C. First of
all, notice that if bw 6= 0, then((
id2 0
0 0
)
,
(
B w
wt b
))
∈
[(
id2 0
0 0
)
,
(
B′ 0
0 b
)]
for B′ = B − 1
b
wwt ∈ Sym2(C). In fact, acting on (I1+I2,Γ3) with (id2, S),
where S =
(
id2 0
− 1
b
wt 1
)
, the result is obtained. Hence, we may assume that bw = 0.
First take an appropriate A ∈ GL2(C) for putting {id2, B} in canonical form
simultaneously. Thus, taking S =
(
A 0
0 α
)
, for some α ∈ C \ {0}, it follows that
(5.2) (id2, S) ·
((
id2 0
0 0
)
,
(
B w
wt b
))
=
((
AtA 0
0 0
)
,
(
AtBA αAtw
αwtA α2b
))
.
Claim. If B is diagonalizable, then((
id2 0
0 0
)
,
(
B w
wt b
))
∈
[(
K 0
0 0
)
,
(
L u0
ut0 0
)]
.
In fact, let A0 ∈ O2(C) such that At0BA0 = diag(λ, µ). Notice that, since {I1 +
I2,Γ
3} is non-simultaneously diagonalizable, then w 6= 0. Hence, taking S as in
(5.2) with A = A0 and α = 1, it follows that:
(5.3) (id2, S) ·
((
id2 0
0 0
)
,
(
B w
wt 0
))
=
((
id2 0
0 0
)
,
(
diag(λ, µ) At0w
wtA0 0
))
.
A straightforward computation shows that:
Span
{(
id2 0
0 0
)
,
(
diag(λ,µ) At0w
wtA0 0
)}
∩GL3(C) = ∅ iff λ = µ and wtw = 0.
Thus, B = λ id2 and wtw = 0. Hence, there exists A1 ∈ O2(C) such that
A1w = u1, (see [14]). Therefore, taking A1 instead of A0 in (5.3) it follows that((
id2 0
0 0
)
,
(
B w
wt b
))
∈
[(
id2 0
0 0
)
,
(
0 u1
ut1 0
)]
=
[(
K 0
0 0
)
,
(
L u0
ut0 0
)]
.
The last equality is obtained by acting with
(
( 0 21 0 ),
1
2
(
0 2 1
0 0 i
2 0 0
))
on
((
id2 0
0 0
)
,
(
0 u1
ut1 0
))
.
Now assume that B is non diagonalizable. Then, there is A0 ∈ O2(C) such that
At0BA0 = ∆(λ), for some λ ∈ C. Take S =
(
A0R 0
0 α
)
∈ GL3(C), then
(5.4) (Tλ, S) ·
((
id2 0
0 0
)
,
(
B w
wt b
))
=
((
K 0
0 0
)
,
(
L α(A0R)tw
αwtA0R α
2b
))
.
A straightforward computation shows:
(i) For w = 0:
Span
{(
K 0
0 0
)
,
(
L 0
0 α2b
)}
∩GL3(C) = ∅ iff b = 0.
(ii) For w 6= 0:
Span
{(
K 0
0 0
)
,
(
L α(A0R)tw
αwtA0R 0
)}
∩GL3(C) = ∅ iff (A0R)tw = βu0,
for some β ∈ C \ {0}.
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Therefore, ((
id2 0
0 0
)
,
(
B 0
0 0
))
∈
[(
K 0
0 0
)
,
(
L 0
0 0
)]
and ((
id2 0
0 0
)
,
(
B w
wt 0
))
∈
[(
K 0
0 0
)
,
(
L u0
u0 0
)]
.
The last asertion is obtained taking α = β−1. 
With all this, we can write the algebraic classification of nilpotent Lie superal-
gebras of dimension (2|3).
Theorem 5.13. Nilpotent Lie superalgebras of dimension (2|3) are, up to isomor-
phism:
(2|3)0 : [[·, ·]] = 0.
(2|3)1 : [[f1, f1]] = e1.
(2|3)2 : [[f1, f1]] = e1, [[f2, f2]] = e1.
(2|3)3 : [[f1, f1]] = e1, [[f2, f2]] = e1, [[f3, f3]] = e1.
(2|3)4 : [[f1, f1]] = e1, [[f2, f2]] = e2.
(2|3)5 : [[f1, f1]] = e1, [[f2, f2]] = e2, [[f3, f3]] = e1.
(2|3)6 : [[f1, f1]] = e1, [[f2, f2]] = e2, [[f3, f3]] = e1 + e2.
(2|3)7 : [[f1, f2]] = e1, [[f2, f2]] = 2e2.
(2|3)8 : [[f1, f2]] = e1, [[f2, f2]] = 2e2, [[f2, f3]] = e2.
(2|3)9 : [[f1, f2]] = e1, [[f2, f2]] = 2e2, [[f3, f3]] = e1.
(2|3)10 : [[f1, f2]] = e1, [[f2, f2]] = 2e2, [[f3, f3]] = e1 + e2.
(2|3)11 : [[f1, f2]] = e1, [[f2, f2]] = 2e2, [[f2, f3]] = e2, [[f3, f3]] = e1.
(2|3)12 : [[e1, f3]] = f1.
(2|3)13 : [[e1, f3]] = f1, [[f2, f2]] = e2.
(2|3)14 : [[e1, f3]] = f1, [[f2, f3]] = e2.
(2|3)15 : [[e1, f3]] = f1, [[f3, f3]] = e2.
(2|3)16 : [[e1, f3]] = f1, [[f2, f2]] = e2, [[f3, f3]] = e2.
(2|3)17 : [[e1, f3]] = f1, [[e2, f2]] = f1.
(2|3)18 : [[e1, f3]] = f1, [[e2, f2]] = f1, [[f2, f2]] = 2e1, [[f2, f3]] = −e2.
(2|3)19 : [[e1, f3]] = f1, [[e2, f2]] = f1, [[f2, f3]] = −e1, [[f3, f3]] = 2e2.
(2|3)20 : [[e1, f3]] = f1, [[e2, f3]] = f2.
(2|3)21 : [[e1, f2]] = f1, [[e1, f3]] = f2.
(2|3)22 : [[e1, f2]] = f1, [[e1, f3]] = f2, [[f3, f3]] = e2.
(2|3)23 : [[e1, f2]] = f1, [[e1, f3]] = f2, [[f1, f3]] = −e2, [[f2, f2]] = e2.
(2|3)24 : [[e1, f2]] = f1, [[e1, f3]] = f2, [[e2, f3]] = f1.
Remark 5.14. Lie superalgebras (2|3)14, (2|3)18, (2|3)19, (2|3)22, (2|3)23 are
missing in the classification given in [19]. On the other hand, Matiadou and Fe-
llouris provided in [27] a classification of 5-dimensional Lie superalgebras over
C. Their classification includes, for dimension (2|3), three parametric families
which are in fact not infinite families but rather four isomorphism classes of Lie
superalgebras. The isomorphisms between our classification and that of Matiadou
and Fellouris are the following:
(i) (2A1,1 + 3A)
5 ≃ (2|3)10, for λ ∈ C \ {0, i}.
(ii) (2A1,1 + 3A)
5 ≃ (2|3)11, for λ = i.
20 MARÍA ALEJANDRA ALVAREZ AND ISABEL HERNÁNDEZ
(iii) (2A1,1+3A)
6 ≃ (2|3)6, for κ, λ ∈ C\{0} such that (1−κ2−λ2)2−4λ2 6= 0.
(iv) (2A1,1+3A)
6 ≃ (2|3)9, for κ, λ ∈ C\{0} such that (1−κ2−λ2)2−4λ2 = 0.
(v) (2A1,1 + 3A)
7 ≃ (2|3)6, for λ ∈ C \ {0,± i2}.
(vi) (2A1,1 + 3A)
7 ≃ (2|3)9, for λ = ± i2 .
Moreover, Lie superalgebras (2|3)14, (2|3)18 and (2|3)19 are also missing.
Proposition 5.15. The following Lie superalgebras are rigid in the variety N(2|3):
(2|3)6, (2|3)18, (2|3)19, (2|3)23 and (2|3)24.
Proof.
(H2((2|3)6, (2|3)6))0 = 0.
(H2((2|3)18, (2|3)18))0 =Span{e∗1 ∧ e∗2 ⊗ e2 − e∗1 ∧ f∗3 ⊗ f3 + e∗2 ∧ f∗2 ⊗ f3,
− e∗1 ∧ e∗2 ⊗ e1 + e∗2 ∧ f∗1 ⊗ f1 + f∗1 ∧ f∗2 ⊗ e1}.
(H2((2|3)19, (2|3)19))0 =Span{e∗1 ∧ e∗2 ⊗ e2 + e∗1 ∧ f∗1 ⊗ f1 + f∗1 ∧ f∗3 ⊗ e2,
− e∗1 ∧ e∗2 ⊗ e1 + e∗1 ∧ f∗3 ⊗ f2 + e∗2 ∧ f∗2 ⊗ f2}.
(H2((2|3)23, (2|3)23))0 =Span{e∗1 ∧ f∗1 ⊗ f1 − e∗1 ∧ f∗3 ⊗ f3, e∗1 ∧ f∗1 ⊗ f2 + e∗1 ∧ f∗2 ⊗ f3}.
(H2((2|3)24, (2|3)24))0 =Span{e∗1 ∧ f∗1 ⊗ f3 + e∗2 ∧ f∗1 ⊗ f2 + e∗2 ∧ f∗2 ⊗ f1,
e∗1 ∧ e∗2 ⊗ e1 + 2e∗1 ∧ f∗1 ⊗ f2 + e∗2 ∧ f∗2 ⊗ f2,
e∗1 ∧ e∗2 ⊗ e1 + e∗1 ∧ f∗1 ⊗ f2 − e∗1 ∧ f∗2 ⊗ f3,
e∗1 ∧ f∗2 ⊗ f2, e∗1 ∧ f∗1 ⊗ f2 − e2 ∧ f∗3 ⊗ f3,
e∗1 ∧ e∗2 ⊗ e2 − e∗1 ∧ f∗3 ⊗ f3}.
It is not difficult to see that any possible deformation of (2|3)18, (2|3)19, (2|3)23
and (2|3)24 gives rise to a non-nilpotent Lie superalgebra. Therefore, they are rigid
in the variety N(2|3). Moreover, the Lie superalgebra (2|3)6 is rigid in the variety
LS(2|3). 
Theorem 5.16. The irreducible components of the variety N(2|3) are:
(1) C1 = O((2|3)6).
(2) C2 = O((2|3)18).
(3) C3 = O((2|3)19).
(4) C4 = O((2|3)23).
(5) C5 = O((2|3)24).
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Table 9: Non-degenerations Case III
g 6→ h Reason
(2|3)12 6→ (2|3)1; (2|3)17 6→ (2|3)1 Lemma 2.7 (2)
(2|3)13 6→ (2|3)7; (2|3)21 6→ (2|3)2, (2|3)15, (2|3)1; (2|3)24 6→ (2|3)3, (2|3)7, (2|3)14, (2|3)2, (2|3)15, (2|3)1; Lemma 2.7 (4) i = 0
(2|3)20 6→ (2|3)2, (2|3)15, (2|3)1; (2|3)16 6→ (2|3)7; (2|3)22 6→ (2|3)7; (2|3)23 6→ (2|3)7;
(2|3)2 6→ (2|3)12; (2|3)3 6→ (2|3)15, (2|3)17, (2|3)12; (2|3)4 6→ (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12;
Lemma 2.7 (4) i = 1
(2|3)7 6→ (2|3)15, (2|3)17, (2|3)12; (2|3)8 6→ (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12;
(2|3)13 6→ (2|3)20, (2|3)21; (2|3)16 6→ (2|3)20, (2|3)21; (2|3)18 6→ (2|3)20, (2|3)21; (2|3)19 6→ (2|3)20, (2|3)21;
(2|3)9 6→ (2|3)24, (2|3)13, (2|3)16, (2|3)18, (2|3)19, (2|3)22, (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12;
(2|3)5 6→ (2|3)23, (2|3)24, (2|3)13, (2|3)16, (2|3)18, (2|3)19, (2|3)22, (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12
(2|3)11 6→ (2|3)23, (2|3)13, (2|3)16, (2|3)18, (2|3)19, (2|3)22, (2|3)24, (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12
(2|3)10 6→ (2|3)23, (2|3)24, (2|3)13, (2|3)16, (2|3)18, (2|3)19, (2|3)22, (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12
(2|3)6 6→ (2|3)23, (2|3)24, (2|3)13, (2|3)16, (2|3)18, (2|3)19, (2|3)22, (2|3)14, (2|3)20, (2|3)21, (2|3)15, (2|3)17, (2|3)12
(2|3)14 6→ (2|3)17; (2|3)21 6→ (2|3)17; (2|3)23 6→ (2|3)20 Lemma 2.7 (3) i = 0
(2|3)20 6→ (2|3)17; (2|3)13 6→ (2|3)3; (2|3)16 6→ (2|3)3; (2|3)22 6→ (2|3)3 Lemma 2.7 (3) i = 1
(2|3)13 6→ (2|3)14; (2|3)13 6→ (2|3)2; (2|3)18 6→ (2|3)3; (2|3)19 6→ (2|3)2; (2|3)22 6→ (2|3)14; (2|3)22 6→ (2|3)2 Lemma 2.7 (5)
(2|3)23 6→ (2|3)4; (2|3)23 6→ (2|3)8
(2|3)13 6→ (2|3)17; (2|3)16 6→ (2|3)17; (2|3)22 6→ (2|3)20; (2|3)22 6→ (2|3)21; (2|3)22 6→ (2|3)17; (2|3)23 6→ (2|3)24 Lemma 2.7 (6)
(2|3)23 6→ (2|3)18, (2|3)19, (2|3)17
(2|3)7 6→ (2|3)2; (2|3)4 6→ (2|3)3; (2|3)8 6→ (2|3)3; (2|3)19 6→ (2|3)3; (2|3)9 6→ (2|3)3; (2|3)10 6→ (2|3)5, (2|3)3; Lemma 2.7 (8)
(2|3)10 6→ (2|3)11 Lemma 2.7 (7) i = 0(α, β, γ) = (0, 1, 0)
(2|3)5 6→ (2|3)8; (2|3)9 6→ (2|3)8 Lemma 2.7 (7) i = 0(α, β, γ) = (0, 1,−1)
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Table 10: Degenerations Case III
g → h Parametrized Basis
(2|3)2 → (2|3)1 x1 = e1, x2 = e2, y1 = f1,
y2 = tf2, y3 = f3.
(2|3)15 → (2|3)12 x1 = e1, x2 = e2, y1 = tf1,
y2 = f2, y3 = tf3.
(2|3)15 → (2|3)1 x1 = e2, x2 = te1, y1 = f3,
y2 = f2, y3 = f1.
(2|3)17 → (2|3)12 x1 = e1, x2 = e2, y1 = f1,
y2 = tf2, y3 = f3.
(2|3)3 → (2|3)2 x1 = e1, x2 = e2, y1 = f1,
y2 = f2, y3 = tf3.
(2|3)7 → (2|3)1 x1 = 2e2, x2 = e1, y1 = f2,
y2 = tf1, y3 = f3.
(2|3)14 → (2|3)2 x1 = e2, x2 = te1, y1 = i
(
− 1
2
f2 + f3
)
,
y2 =
1
2
f2 + f3, y3 = f1.
(2|3)14 → (2|3)15 x1 = e1, x2 = e2, y1 = f1,
y2 = tf2, y3 = 12f2 + f3.
(2|3)20 → (2|3)12 x1 = e1, x2 = te2, y1 = f1,
y2 = f2, y3 = f3.
(2|3)21 → (2|3)12 x1 = e1, x2 = e2, y1 = f2,
y2 = t−1f1, y3 = f3.
(2|3)4 → (2|3)7 x1 =
t
2
(e1 + e2), x2 = 18 (−e1 + e2), y1 = t (if1 + f2),
y2 =
1
2
(−if1 + f2), y3 = f3.
(2|3)4 → (2|3)2 x1 = e1, x2 = t
−1 (e2 − e1), y1 = f1,
y2 = f2, y3 = f3.
(2|3)8 → (2|3)7 x1 = e1, x2 = e2, y1 = f1,
y2 = f2, y3 = tf3.
(2|3)8 → (2|3)2 x1 = 2e1, x2 = t
−1e2, y1 = i (−f1 + f2),
y2 = f1 + f2, y3 = f3.
(2|3)13 → (2|3)15 x1 = e1, x2 = e2, y1 = f1,
y2 = tf2, y3 = f2 + f3.
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Table 10: (continued)
g → h Parametrized Basis
(2|3)16 → (2|3)14 x1 = e1, x2 = e2, y1 =
t−1
2
f1,
y2 = t (if2 + f3), y3 = t
−1
2
(−if2 + f3).
(2|3)18 → (2|3)7 x1 = −e2, x2 = e1, y1 = f3,
y2 = f2, y3 = t−1f1.
(2|3)18 → (2|3)14 x1 = e1, x2 = −te2, y1 = f1,
y2 = tf2, y3 = f3.
(2|3)18 → (2|3)17 x1 = e1, x2 = e2, y1 = tf1,
y2 = tf2, y3 = tf3.
(2|3)19 → (2|3)7 x1 = −e1, x2 = e2, y1 = f2,
y2 = f3, y3 = t−1f1.
(2|3)19 → (2|3)14 x1 = e2, x2 = −te1, y1 = f1,
y2 = tf3, y3 = f2.
(2|3)19 → (2|3)17 x1 = e1, x2 = e2, y1 = tf1,
y2 = tf2, y3 = tf3.
(2|3)22 → (2|3)21 x1 = e1, x2 = t
−1e2, y1 = f1,
y2 = f2, y3 = f3.
(2|3)22 → (2|3)15 x1 = e1, x2 = e2, y1 = f2,
y2 = t−1f1, y3 = f3.
(2|3)24 → (2|3)20 x1 = te1, x2 = e2, y1 = tf2,
y2 = f1, y3 = f3.
(2|3)24 → (2|3)21 x1 = e1, x2 = te2, y1 = f1,
y2 = f2, y3 = f3.
(2|3)24 → (2|3)17 x1 = e1, x2 = t
−1e2, y1 = f1,
y2 = tf3, y3 = f2.
(2|3)9 → (2|3)4 x1 = e1, x2 = 2e2, y1 = f3,
y2 = f2, y3 = tf1.
(2|3)23 → (2|3)13 x1 = e1, x2 = −2t
3/2e2, y1 = tf1,
y2 = t1/4f1 + t5/4f3, y3 = tf2.
(2|3)23 → (2|3)16 x1 = e1, x2 = t
2e2, y1 = tf1,
y2 = − 12 t1/2f1 + t3/2f3, y3 = tf2.
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Table 10: (continued)
g → h Parametrized Basis
(2|3)23 → (2|3)22 x1 = e1, x2 = e2, y1 = tf1,
y2 = tf2, y3 = − t
−1
2
f1 + tf3.
(2|3)23 → (2|3)3 x1 = −e2, x2 = te1, y1 =
i√
2
(−f1 + f3),
y2 = if2, y3 = 1√
2
(f1 + f3).
(2|3)5 → (2|3)4 x1 = e1, x2 = e2, y1 = f1,
y2 = f2, y3 = tf3.
(2|3)5 → (2|3)3 x1 = e1, x2 = t
−1(e2 − e1), y1 = f1,
y2 = f2, y3 = f3.
(2|3)5 → (2|3)9 x1 = e1, x2 =
t−1
2
e1 +
1
2
e2, y1 = t1/2f1,
y2 = t−1/2f1 + f2, y3 = f3.
(2|3)11 → (2|3)9 x1 = e1, x2 = t
−2e2, y1 = tf1,
y2 = t−1f2, y3 = f3.
(2|3)11 → (2|3)8 x1 = t
−1e1, x2 = e2, y1 = t−1f1,
y2 = f2, y3 = f3.
(2|3)10 → (2|3)9 x1 = t
2e1, x2 = e2, y1 = t2f1,
y2 = f2, y3 = tf3.
(2|3)10 → (2|3)8 x1 = −
i
√
2
4t(t−1) e1, x2 =
1
2t(t−1) (e1 + e2), y1 = −f1,
y2 =
(
i
√
2
4t(t−1)
)
(f1 + f2)−
(
2t−1
2t(t−1)
)
f3, y3 =
(
i
√
2
4(t−1)
)
(f1 + f2)−
(
1
2(t−1)
)
f3.
(2|3)6 → (2|3)11 x1 = t(e1 + e2), x2 =
(
α2+1
2
)(
e1 +
1
α2
e2
)
, y1 = tf3,
α2 + 1 = 2α
√
t y2 = αf1 − 1αf2 + f3, y3 =
√
t(f1 − f2).
(2|3)6 → (2|3)10 x1 =
√
t
2
(
e1 −
(
1+
√
2t
1−
√
2t
)
e2
)
, x2 = 12
(
e1 +
(
1+
√
2t
1−
√
2t
)
e2
)
, y1 =
√
t
2
(
f1 −
(√
1+
√
2t
1−
√
2t
)
f2
)
,
y2 = f1 +
(√
1+
√
2t
1−
√
2t
)
f2, y3 =
(√
1+
√
2t
2
)
f3.
(2|3)6 → (2|3)5 x1 = t
2e1, x2 = e2, y1 = tf1,
y2 = f2, y3 = tf3.
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dimO(g)
12
11
10
9
8
7
6
5
4
3
2
1
0
(2|3)6
(2|3)10
(2|3)5 (2|3)11
(2|3)9 (2|3)23
(2|3)4 (2|3)8 (2|3)13(2|3)16(2|3)18 (2|3)19 (2|3)22 (2|3)24
(2|3)3 (2|3)7 (2|3)14 (2|3)20 (2|3)21
(2|3)2 (2|3)15 (2|3)17
(2|3)12
(2|3)1
(2|3)0
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6. RIGID NILPOTENT LIE SUPERALGEBRAS
As we mentioned previously, the study of rigid elements within varieties is very
interesting since their orbit closures provide irreducible components. In [16], the
authors proved that the Lie superalgebra K2,m ∈ N(2|m), for oddm, defined by
[[e1, fi]] = fi+1, [[fj , fm+1−j ]] = (−1)j+1e2
for 1 ≤ i ≤ m− 1 and 1 ≤ j ≤ m+12 has an open orbit in N(2|m) and is therefore
rigid in N(2|m). In the case of Lie algebras, the Vergne Conjecture states that there
are no rigid nilpotent Lie algebras of dimension n in the variety of Lie algebras
of dimension n. This conjecture have been proved for Lie algebras of rank ≥ 1
(see [21]) and for very few cases in rank = 0 (see for instance [32]). In the setting
of Lie superalgebras this conjecture is false: In [2], we prove that there exists a rigid
nilpotent Lie superalgebra of dimension (2|2) by showing that (H2((2|2)1)0 = 0.
By Propositions 4.2, 4.5, 4.8, 5.2, 5.5 and 5.15, we can see that in every dimension
≤ 5 there are rigid nilpotent Lie superalgebras. This make us wonder whether this
is the general case for every dimension.
In particular, we can prove:
Lemma 6.1. There exist rigid nilpotent Lie superalgebras of dimension (1|n) for
all n ∈ N.
Proof. Let B = {e1, f1, . . . , fn} be a homogeneous basis for V = V0 ⊕ V1 of
dimension (1|n). We define the following bracket:
[[fi, fi]] = e1, for i = 1, . . . , n.
Then clearly g = (V, [[·, ·]]) is a 2-step nilpotent Lie superalgebra. In fact, this is a
Heisenberg Lie superalgebra with even center.
We will compute the group (H2(g, g))0:
Consider possible even 2-cochains of g:
(a) ϕ = e∗1 ∧ f∗j ⊗ fl. Then
d2(ϕ) =
n∑
i=1
f∗i ∧ f∗i ∧ f∗j ⊗ fl + e∗1 ∧ f∗j ∧ f∗l ⊗ e1 6= 0.
Since elements of the sum cannot be eliminated, ϕ cannot be part of a 2-
cocycle.
(b) ϕ = f∗i ∧ f∗j ⊗ e1. Then d2(ϕ) = 0.
We thus obtain that (Z2(g, g))0 = Span{f∗i ∧ f∗j ⊗ e1}, but d1(f∗i ⊗ fj) =
f∗i ∧ f∗j ⊗ e1, which implies that (H2(g, g))0 = 0. Therefore g is a nilpotent rigid
Lie superalgebra. 
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